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Let X C PV be a projective 3-fold such that for general hyperplanes
H,, H, the curve I' := X N H| N H, is canonically embedded
(i.e. KT embeds I').

Fano called them
Varietd algebriche a tre dimensioni a curve sezioni canoniche.

This is true if and only if the anticanonical bundle, —KY, is very ample
and X :=Xp, 5 C Pst!, where g = g(I') is the genus of T'.

Example: the quartic 3-fold in P4, X, C P*.
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Fano manifolds

and Fano-Mori A projective variety X, smooth or with mild singularities,
is called a Fano manifold if —Ky is ample.
If Pic(X/Y) =< L > and —Kx = rL, r is called the index of X.
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and Fano-Mori A projective variety X, smooth or with mild singularities,
is called a Fano manifold if —Ky is ample.
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If Pic(X/Y) =< L > and —Kx ~ rL, r is called the nef value of f.
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Fano Varieties and Fano-Mori Contractions

A projective variety X, smooth or with mild singularities,
is called a Fano manifold if —Ky is ample.
If Pic(X/Y) =< L > and —Kx = rL, r is called the index of X.

A proper surjective map between normal varieties with connected fibers,
f: X = Yis a contraction (divisorial, small or of fiber type).

Letf : X — Y be a contraction, X smooth or with mild singularities;
f is called a Fano-Mori contraction (F-M for short) if —Ky is f-ample.
If Pic(X/Y) =< L > and —Kx ~ rL, r is called the nef value of f.

A Fano manifold is a Fano-Mori contraction with dimY = 0.
A general fiber of a Fano-Mori contraction is a Fano variety.
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A Fano-Mori contraction f : X — Y is associated to a ray
R=RT¥[C] NE(X) g, <o-

That is f is a projective map between normal variety, with connected
fibers, X has terminal Q-factorial singularities and an irreducible curve
C C X is mapped to a point by f iff [C] € R.
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Fano manifolds
and Fano-Mori

contractions A Fano-Mori contraction f : X — Y is associated to a ray
R=RT¥[C] NE(X) g, <o-

That is f is a projective map between normal variety, with connected
fibers, X has terminal Q-factorial singularities and an irreducible curve
C C X is mapped to a point by f iff [C] € R.

f can be:
of fiber type (dimX > dimY), a Mori fiber space,
or birational, more precisely either divisorial or small.



Weighted Projective Space

Lifting from an
ample section

Leto = (ay,...,a,) € N" such that @; > 0 and ged(ay, . ..
let M = lem(ay, . .., a,).

Weighted Blow-up



Weighted Projective Space

Lifting from an
ample section

Marco Andreatta

Leto = (ay,...,a,) € N" such that @; > 0 and ged(ay, . ..
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ACEBERR  The weighted projective space with weight (ay, . . ., a,), denoted by
P(ay,...,a,), can be defined either as:

P(ay,...,a,) = (C"—{0})/C*,
where £ € C* acts by £(x1, ..., x,) = (§“x1, ..., E%xp).
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Leto = (ay,...,a,) € N" such that @; > 0 and ged(ay, . ..
let M = lem(ay, . .., a,).

7an)

ACEBERR  The weighted projective space with weight (ay, . . ., a,), denoted by
P(ay,...,a,), can be defined either as:
P(ay,...,a,) = (C" —{0})/C",
where £ € C* acts by £(x1, ..., x,) = (§“x1, ..., E%xp).
Or as:
P(ay,...,a,) := ProjcClxy, ..., x,],

where Clxy, ..., x,] is the polynomial algebra over C graded by the
condition deg(x;) = a;, fori = 1, ..., n.
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€: (X1, .y Xy) = (€%, ..., €"x,), where € is a primitive m-th root of

unity.
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A cyclic quotient singularity,

X :=C"/Zy(ar,....,an),

Weighted Blow-up

is an affine variety definite as the quotient of C" by the action

€: (X1, .y Xy) = (€%, ..., €"x,), where € is a primitive m-th root of
unity.

Equivalently X is isomorphic to the spectrum of the ring of invariant
monomials under the group action,

X = Spec Clxy, ..., x,) .

LetQ € Y : (g = 0) C C"™! be a hypersurface singularity with a Z,,
action. The point P € Y /Z,, := X is called a hyperquotient singularity.
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LetX = C"/Zy(ay, ...
the rational map

,a,) be a cyclic quotient singularity and consider

‘Weighted Blow-up

v:X = Pay,...,a,)

given by (xy,...,x,) = (x1: ... x,).

The weighted blow-up of X = C"/Z,,(ay, ..., a,) with weight
o = (ay, ..., a,) (or simply the o-blow-up), X, is defined as the closure in
X x P(ay, ..., ax) of the graph of ¢, together with the morphism

7, : X — X given by the projection on the first factor.




Weighted Blow-up

Lifting from an
ample section

The weighted blow-up can be described by the theory of torus
Weighted Blow-up embeddings.



Lifting from an
ample section

Marco Andreatta

Weighted Blow-up

Weighted Blow-up

The weighted blow-up can be described by the theory of torus
embeddings.

Namely, lete; = (0,...,1,...,0) fori = 1,....,nand e = 1/m(ay, ..., a,).
X is the toric variety which corresponds to the lattice
Zey + ... + Ze, + Ze and the cone C(X) = Qre; + ... + Q1e, in Q™.

7o : X — X is the proper birational morphism from the normal toric
variety X corresponding to the cone decomposition of C(X) consisting
of C; = %j+Qej + Qe fori = 1,...,n, and their intersections.
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Iya={g€Clxi,...,x] : o-wt(g) > d} = (&} Zs,a,/m>d
j=1
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o-wt: Clxy,...,x] = Q

defined on a monomial M = x}'...x}" as o-wt(M) := >_"_| sia;/m.
For any d € N we define the o-weighted ideal of degree d as

‘Weighted Blow-up

Iya={g€Clxi,...,x,] : o-wt(g) > d} = (x Zs,a,/m>d.
j=1

‘

Proposition

The weighted blow-up of of X = C"/Zy(ay, ..., a,) with weight o,
7 X — X, is given by

X = Projx(EP Io.a) = X.
a>0



Weighted Blow-up

ample section
B et X: ((g=0) C C"t)/Z,(ap, ..., a,) be a hyperquotient singularity
and let 7 : C**+1/Z,,(ao, ....,a,) — C"*'/Z,(ay, ....,a,) be the

o = (ag, ..., a,)-blow-up.
Let X be the proper transform of X via 7 and call again, by abuse, 7 its
restriction to X.
Then 7 : X — X is also called the weighted blow-up of X with weight
o = (a,...,a,) (or simply the o-blow-up).

‘Weighted Blow-up
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‘Weighted Blow-up

Weighted Blow-up

LetX : ((g = 0) € C"*")/Zy(ao, ..., a,) be a hyperquotient singularity

and let 7 : C**+1/Z,,(ao, ....,a,) — C"*'/Z,(ay, ....,a,) be the

o = (ag, ..., a,)-blow-up.

Let X be the proper transform of X via 7 and call again, by abuse, 7 its
restriction to X.

Then 7 : X — X is also called the weighted blow-up of X with weight
o = (a,...,a,) (or simply the o-blow-up).

Proposition

LetX : ((g=0) C C"*Y)/Zy(ao, ...., an) be a hyperquotient singularity
andleti: X — C'"*'/Z,(aq, ....,a,) be the inclusion.
Then
X=Px(Ox® € J°Wdb) — X,
deN,d>0

where J° (db) := i~ (1° (db)).Ox.
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Let f : X — Z be a local, projective, Q-factorial contraction, which
contracts an irreducible divisor E to an isolated Q-factorial singularity
Blow-up PeZ

Assume that dimX > 4.

Lifting Weighted
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Let f : X — Z be a local, projective, Q-factorial contraction, which
contracts an irreducible divisor E to an isolated Q-factorial singularity
Lifting Weighted PcZ

Blow-up .

Assume that dimX > 4.

Let Y C X be a f-ample Cartier divisor such that
f=fiy:Y=f¥)=Wisao = (ai,...,a,_1)-blow-up.
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Theorem

Let f : X — Z be a local, projective, Q-factorial contraction, which
contracts an irreducible divisor E to an isolated Q-factorial singularity
Lifting Weighted PcZ

Blow-up .

Assume that dimX > 4.

Let Y C X be a f-ample Cartier divisor such that
f=fiy:Y=f¥)=Wisao = (ai,...,a,_1)-blow-up.

Thenf :X — Zisao = (aj,...,a,—1,a,)-blow-up, 7, : X — Z, where
ay is such that Y ~¢ —a,E (~7 means linearly equivalent over f).
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Lifting WBU

The technical result of our approach:

Let f : X — Z be a local, projective, Q-factorial contraction, which
contracts an irreducible divisor E to an isolated Q-factorial singularity
PecZ

Assume that dimX > 4.

Let Y C X be a f-ample Cartier divisor such that
f=fiy:Y=f¥)=Wisao = (ai,...,a,_1)-blow-up.

Thenf :X — Zisao = (aj,...,a,—1,a,)-blow-up, 7, : X — Z, where
ay is such that Y ~¢ —a,E (~7 means linearly equivalent over f).

The Theorem could be seen as a generalization of a paper of S. Mori:
On a generalization of complete intersections, J. Math. Kyoto Univ.,
1975.
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Proposition

Lifting Weighted

el Let Z be an affine variety of dimension n > 4 with an isolated

Q-factorial singularity at P € Z.

Assume that (W, P) C (Z, P) (germs of complex spaces around P) is a
Weil divisor which is a cyclic quotient singularity, i.e.
W=C""')Zn(ar,...,an_1).

Then Z is a cyclic quotient singularity, i.e. Z = C"/Zy(ay, ..., an—1, ay).
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If W is a Cartier divisor, i.e. W is given as a zero locus of a regular
function f, W : (f = 0) C Z, consider the map f : Z — C.

It is is flat, since dimcC = 1.

e Quotient singularities of dimension bigger or equal then three are rigid,
D by a fundamental theorem of M. Schlessinger. Since Z has an isolated
singularity and dimW = n — 1 > 3, it implies that W is smooth, i.e.

m = 1. A variety containing a smooth Cartier divisor is smooth along it,
therefore, eventually shrinking around P, Z is also smooth.
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If W is a Cartier divisor, i.e. W is given as a zero locus of a regular
function f, W : (f = 0) C Z, consider the map f : Z — C.

It is is flat, since dimcC = 1.

e Quotient singularities of dimension bigger or equal then three are rigid,
D by a fundamental theorem of M. Schlessinger. Since Z has an isolated
singularity and dimW = n — 1 > 3, it implies that W is smooth, i.e.

m = 1. A variety containing a smooth Cartier divisor is smooth along it,
therefore, eventually shrinking around P, Z is also smooth.

In the general case we use Reid’s trick: since Z is Q-factorial, we can
assume that there exists a minimal positive integer r such that rW is
Cartier (r is the index of W). Take a Galois cover 7 : Z' — Z, with group
Z, such that Z' is normal, 7 is etale over Z \ P, 7~ !(P) =: Q is a single
point and the Q-divisor 7*W := W’ is Cartier, W' : (f' = 0) C Z'.
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Let b a positive integer such that —bE ~ Y (and therefore Cartier).
Ml By Grothendieck theory X = Proje, (Baxo fi(Ox(—dbE)), therefore
we want to prove that

F(Ox(=dbE) = Iy gy = (&} -3 | D ays; = db).

=1



II part, paraphrasing Mori

HLTinan Consider the exact sequence on X

ample section

0 — Ox(—Y — dbE) — Ox(—dbE) — Oy(—dbE) — 0

Lifting Weighted
Blow-up
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0 — Ox(—Y — dbE) — Ox(—dbE) — Oy(—dbE) — 0
Pushing it down via ¢ and using the relative Vanishing theorems we have
Lifting Weighted

Blow-up

0 — f,Ox(—(d — 1)bE) =% f,Ox(—dbE) — f.Oy(—dbE) — 0.
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0 — Ox(—Y — dbE) — Ox(—dbE) — Oy(—dbE) — 0

Pushing it down via ¢ and using the relative Vanishing theorems we have

Lifting Weighted
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0 — f,Ox(—(d — 1)bE) =% f,Ox(—dbE) — f.Oy(—dbE) — 0.

The proposition follows by induction on n

(f.(Oy(=dbE) = (x} - --x0}) | Za,s, > db))

and on d

(f(Ox(=(d = 1)bE) = (x}' --- |Z%SJ d —1)b))
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If n = 3 we have the following example.

Lifting Weighted

Blow-up Exanlple

Let Z' = C*/Z,(a, —a, 1,0); let (x,y, z, ) be coordinates in C* and
assume (a,r) = 1. Let Z C Z' be the hypersurface given as the zero set
of the function f := xy + 7" + ¢*, withm > 1 and n > 2.

This is a terminal singularity which is not a cyclic quotient (it is a
terminal hyperquotient singularity).

However the surface W := Z N (¢ = 0), which is the surface in
C?/7Z,(a,—a, 1) given as the zero set of (xy + z™), is a cyclic quotient
singularity of the type C?/Z,2,,(a, rm — a).
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Example

Let X = P? x P!
Z be a F; surface in the linear system Op2,pi (1, 1);

Lifting Weighted
Blow-up

the contraction of the (—1) curve of Z lifts to the P!-bundle contraction
onto P2
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The proof consists in lifting up the Cox Ring of the ample section to the
variety.

T The Cox Rings of weighted blow-ups determines completely the

Blow-up blow-up; this is true for any Toric variety.
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The proof consists in lifting up the Cox Ring of the ample section to the

variety.
T The Cox Rings of weighted blow-ups determines completely the
Blow-up blow-up; this is true for any Toric variety.

A Mori Dream Spaces is a variety for which the Cox Rings is finitely
generated.
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The proof consists in lifting up the Cox Ring of the ample section to the
variety.

T The Cox Rings of weighted blow-ups determines completely the

Blow-up blow-up; this is true for any Toric variety.

A Mori Dream Spaces is a variety for which the Cox Rings is finitely
generated.

Does the Cox Ring of an ample section determine the one of the variety?
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Consider a log pair (X, A), i.e a normal variety X and an effective R
divisor A, which is Kawamata log terminal (klt)

(that is Kx + A is R-Cartier and for a (any) log resolution g : ¥ — X we
ATMMP have g*(Kx + A) = Ky + Sb;T'; with b; < 1, for all i).
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Consider a log pair (X, A), i.e a normal variety X and an effective R
divisor A, which is Kawamata log terminal (klt)

(that is Kx + A is R-Cartier and for a (any) log resolution g : ¥ — X we
ATMMP have g*(Kx + A) = Ky + Sb;T'; with b; < 1, for all i).

If A is big by BCHM on a kit log pair (X, A) we can run a
Kx + A- Minimal Model Program with scaling:
(X0, A0) = (X, A) = (X1, A1) = — — —— = (X, 4y)



Minimal Model Program- BCHM

Lifting from an
ample section

(X()yAO) = (X’ A) - (XlaAl) B (XSaAS)
such that:

A"-MMP
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(X0,A0) = (X,A) = (X1, A1) = — — — = (X, A))
such that:

1) (X;, A;) is a kIt log pair, fori = 0, ..., s;

AT 2) ¢; : X; — X;11 is a birational map which is either a divisorial
contraction or a flip associated with an extremal ray R; = R*[C;] such
that (Kxi + A,)C, <0
(notation: R; € NE(Xi)(KXi+Ai)<O - NE(Xi)KXi<0)
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(X0,A0) = (X,A) = (X1, A1) = — — — = (X, A))
such that:

1) (X;, A;) is a kIt log pair, fori = 0, ..., s;

AT 2) ¢; : X; — X;11 is a birational map which is either a divisorial

contraction or a flip associated with an extremal ray R; = R*[C;] such
that (Kxi + A,)C, <0
(notation: R; € NE(Xi)(KXi+Ai)<O - NE(Xi)KXi<0)

3) either Ky, + A, is nef (i.e. (X;, Ay) is a log Minimal Model),
or X; — Z is a Mori fiber space relatively to Ky, + A

(depending on the pseudeffectivity of Ky + A).



Fano-Mori contractions on 3-folds

L Terminal singularities in dimension 3 were classified by S. Mori
Marco Andreatta (Nagoya 1985), they consist of hyperquotient singularities whose
associated hypersurfaces in C* could be finetely listed.

S. Mori and S. Mori-J.Kollar (J. Am. Math. Soc. 1988-1992) classified
all small contractions (and their flips) in dimension 3 with at most

terminal Q-factorial singularities.

A"-MMP
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L Terminal singularities in dimension 3 were classified by S. Mori
Marco Andreatta (Nagoya 1985), they consist of hyperquotient singularities whose
associated hypersurfaces in C* could be finetely listed.

S. Mori and S. Mori-J.Kollar (J. Am. Math. Soc. 1988-1992) classified
all small contractions (and their flips) in dimension 3 with at most

terminal Q-factorial singularities.

Ar-MMP Y. Kawamata (paper in the Trento proceedings, 1994) started a long
lasting program aimed to classify: local Fano-Mori divisorial
contractions to a point in dimension 3 with at most terminal Q-factorial
singularities. This was further carried on by M. Kawakita, T.Hayakawa,
J. A. Chen and others.
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AT-MMP

Fano-Mori contractions on 3-folds

Terminal singularities in dimension 3 were classified by S. Mori
(Nagoya 1985), they consist of hyperquotient singularities whose
associated hypersurfaces in C* could be finetely listed.

S. Mori and S. Mori-J.Kollar (J. Am. Math. Soc. 1988-1992) classified
all small contractions (and their flips) in dimension 3 with at most
terminal Q-factorial singularities.

Y. Kawamata (paper in the Trento proceedings, 1994) started a long
lasting program aimed to classify: local Fano-Mori divisorial
contractions to a point in dimension 3 with at most terminal Q-factorial
singularities. This was further carried on by M. Kawakita, T.Hayakawa,
J. A. Chen and others.

They are all weighted blow-ups of (particular) cyclic quotient or
hyperquotient singularities and the following should be true:

Conjecture

The divisorial contractions to a point for a MMP in dimension 3 are
weighted blow-up of a specific list of hyperquotient singularities.
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Lemma (zip L into a boundary). Since L is nef and big there exists an
effective (Q-divisor A” on X such that

rL ~g A" and (X,A") is Kawamata log terminal.
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- either a Minimal Model (Kx, + A! is nef)
-or X; — Z is a Mori fiber space relatively to Ky, + Al.



MMP for a q.p. pair- Adjunction Theory

Lifting from an

ample section Let (X, L) be a polarized (or quasi-polarized) variety, i.e. X has terminal
Marco Andreatta singularities and L is a Cartier ample (or nef and bib) divisor; let r € Q.

Lemma (zip L into a boundary). Since L is nef and big there exists an
effective (Q-divisor A” on X such that

rL ~g A" and (X,A") is Kawamata log terminal.

AT-MMP

Run a Ky + A’-MMP and get a birational klt pair (X;, A}) which is
- either a Minimal Model (Kx, + A! is nef)
-or X; — Z is a Mori fiber space relatively to Ky, + Al.

Remarks/Problems

m Beyond the existence of the MMP, it would be nice to have a
“description” of each steps and eventually of the Mori fiber spaces.

m (X;, Al) is not necessarily an (r) q.p. pair, i.e. we do not have a
priori a nef and big Cartier divisor L, such that rL, ~g Al
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is of fiber type.
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HLTinan The above program uses Fano-Mori contractions: f : X — Y associated

ample section

Marco Andreatta toa rays R= RJF [C] € NE(X) (Kx+rL)<0 c NE(X)KX<O'
The nef value 7 of the F-M contraction f : X — Y is bigger then r.

Let F be a fiber of f. If f is birational then dimF > 7 > r.

Theorem (Existence of Elephants: Fano, Fujita, Kawamata, Kollar,

AT-MMP

Shokuroyv, ..., A-Wisniewski, Mella, A-Tasin)

Ifdim F < r + 2 then there exists X' € |L| with ”good” singularities
(i.e. as in X), except for two cases in whichn = 3, dimF = r + 2 and ¢
is of fiber type.

Apollonius Method:

- Let X’ € |L| a generic divisor with “good singularities”.

- = ¢’ : X' — Y’ is the Fano-Mori contraction associated to
R € NE(X")

(Kygr +(r—1)L7) <0
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Lifting from an

e o The above program uses Fano-Mori contractions: f : X — Y associated
Marco Andreatta toa rays R= RJF [C] € NE(X) (Kx+rL)<0 c NE(X)KX<O'

The nef value 7 of the F-M contraction f : X — Y is bigger then r.
Let F be a fiber of f. If f is birational then dimF > 7 > r.

Theorem (Existence of Elephants: Fano, Fujita, Kawamata, Kollar,

AT-MMP

Shokuroyv, ..., A-Wisniewski, Mella, A-Tasin)

Ifdim F < r + 2 then there exists X' € |L| with ”good” singularities
(i.e. as in X), except for two cases in whichn = 3, dimF = r + 2 and ¢
is of fiber type.

Apollonius Method:
- Let X’ € |L| a generic divisor with “good singularities”.

- = ¢’ : X' — Y’ is the Fano-Mori contraction associated to

R € NE(X’)(KX/JF(FI)L,KO.
- Any section of L on X’ lifts to a section of L on X....



Castelnuovo-Kawakita

Lifting from an
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Marco Andreatta

Let ¢ : X — Y be a birational contraction in a Kx + A"~2-MMP
(i.e. it is associated with an extremal ray on a q.p. pair such that

R =R*[C] € NE(X) , 4 (s_2y1)<0 € NEX)g, <o and L:C > 0).

Divisorial
contractions to a
point
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Theorem

Let ¢ : X — Y be a birational contraction in a Kx + A"~2-MMP
(i.e. it is associated with an extremal ray on a q.p. pair such that
R=RT[C] € NE(X)(KX+(n72)L)<O C NE(X)g, ooand L-C > 0).

Divisoral Then ¢ : X — Y is the weighted blow-up of a smooth point in Y of
SO () weights (1,1,b, ....,b), where b is a natural positive number.

point

L' = ¢« (L) is a Cartier divisor on Y.

We call such ¢ a Castelnuovo-Kawakita contraction.
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By the base point free theorem, we can assume the existence of sections
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Surfaces with terminal singularities are smooth. Apply now
Castelnuovo’s Theorem to have that W is smooth and f” is a
(1, 1)-blow-up.
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We have dim F' > (n — 2); thus dim F = (n — 1) and ¢ is a contraction
of a divisor to a point.

By the base point free theorem, we can assume the existence of sections
in |L| with terminal singularities.

Divisoral Inductively, slicing with (n — 2) general sections of |L|, we can reduce to
contractions o2 the case of a Fano Mori contraction on a surface, f' : S§ — W.

point

Surfaces with terminal singularities are smooth. Apply now
Castelnuovo’s Theorem to have that W is smooth and f” is a
(1, 1)-blow-up.

Apply the "lifting of weighted blow-up” to conclude.



Divisorial contractions in the (n-3)-MMP

Lifting from an
ample section

Marco Andreatta

Let X be a variety with Q-factorial terminal singularities of dimension
n>3andletf : X — Z be a local, projective, divisorial contraction

D o which contracts a prime divisor E to an isolated Q-factorial singularity

oint P € Z such that —(Kx + (n — 3)L) is f-ample, for a f-ample Cartier

divisor L on X.

Then P € Z is a hyperquotient singularity and f is a weighted blow-up.
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